We study the D-branes in the Lorentzian AdS 3 background from the viewpoints of boundary states, emphasizing the role of open-closed duality in string theory. Working on the world-sheet with the Lorentzian signature, we construct the Cardy states based on the discrete series. We show that they are compatible with (1) the unitarity and normalizability, and (2) the spectral flow symmetry, in the open string spectrum. We also discuss the brane interpretation of them.
Introduction
Closed string theory on AdS 3 background has been a subject attracting much attentions of string theorists due to several reasons. Among other things it provides a non-trivial example of solvable string theories on a non-compact curved space-time, and was studied from this motivation in the pioneering works [1] . More recently it has been studied from the viewpoints of the AdS/CF T correspondence [2] at the stringy level in the papers [3, 4, 5] and also in the huge number of subsequent works (a detailed reference list is presented in e.g. [6] , and recent works on this subject have been given in [7] ).
However, we only have comparably few works about the open string sectors of AdS 3 string theory, in other words, the aspects of D-branes in AdS 3 background [8, 9, 10, 11, 12, 13, 14] .
The main purpose of this paper is to propose a boundary state description of D-branes in (super) string theory on AdS 3 background, which is known to be described by SL(2; R) WZW model. It is well-known to construct the complete basis of boundary states in general WZW model, called "Ishibashi states" [15] . Thus it is easy to solve the general gluing conditions on any representation space of the current algebra. However, the brane interpretation of boundary states in the SL(2; R) WZW model is still a difficult problem. Main difficulty is originating from the fact that we have infinitely many representations in the physical Hilbert space and thus infinitely many Ishibashi states, which sharply contrasts with the feature of SU(2) WZW model. An important constraint to determine the spectrum of allowed boundary states is "Cardy condition" [16] , which embodies the open-closed string duality. In addition to the Cardy condition we shall take a criterion: any states appearing in both open and closed string channels of the cylinder amplitudes should be consistent with the requirement of noghost theorem and normalizability, which is our starting point of discussion. We shall further assume the consistency with the actions of spectral flows, which is natural if comparing with the analysis of classical solutions presented in [11, 13] . This paper is organized as follows; in section 2, we shortly review some familiar results about the D-branes in AdS 3 background. In section 3, which is the main section of this paper, we study the boundary states based on the discrete series and discuss their brane interpretation. We further argue the open string spectrum of the on-shell BPS states. Section 4 is devoted to the discussions about several open problems.
D-branes in AdS 3 Space
In this section we present a short review on the known results of D-branes in AdS 3 space.
AdS 3 space can be defined as a hyper surface in 4 dimensional flat space with the signature (2,2) such as
where l AdS is the radius of AdS 3 space. From now on we set l AdS = 1. This space is (the universal cover of) the SL(2; R) group manifold and a useful parametrization can be taken
Another useful parametrization is given by X 0 = cos t cosh ρ , X 1 = − cos θ sinh ρ , X 2 = sin θ sinh ρ , X 3 = sin t cosh ρ , (2.3) which are called the "global coordinates" and the AdS 3 metric is written under this parametrization as
String theory in the group manifold can be described by the WZW model, of which action is given by 5) where B is the manifold whose boundary is the world-sheet and we use the light-cone coor-
This theory has the left-moving and right-moving conserved currents
where we use the basis of SL(2; R) Lie algebra as follows;
Our convention of the metric is η ab = diag(+1, +1, −1) (a, b = 1, 2, 3) and the normalization of Tr is Tr(
D-branes in WZW model are described by the world-sheet with boundary as established in many works [17] . In the closed string channel the gluing condition of the left and right moving currents is given by
where |B is a boundary state which corresponds to D-brane and ω is an automorphism of SL(2; R) Lie algebra. The world-volume of D-branes can be identified with the (twined) conjugacy classes [17] 
If ω is an inner automorphism, we can set ω = 1 by the rotation of the currents and we can parametrize the conjugacy classes as
whereC is a constant. In this parametrization the hyper surface (2.1) becomes 11) and this equation implies that the geometry of D-branes in SL(2; R) group manifold is dS 2 space (C 2 > 1) or hyperbolic plane (H 2 ) (C 2 < 1) [8, 10] . There are also the cases of "degenerated D-branes" whose shapes are the light-cone (C 2 = 1) or the point (g = 1). It was discussed in [10] based on the classical analysis of DBI action that these D-branes are the unphysical branes with the supercritical electric fields.
On the other hand, if ω is an outer automorphism, we obtain a different geometry of brane. Let us choose ω as 12) which in fact defines an outer automorphism, since ω does not belong to SL(2; R). Then, the "twined conjugacy classes" can be expressed as
and hence we can characterize these classes by a constant C as
14)
The geometry of such D-branes can be described as the hyper surface (2.1) 15) which is an AdS 2 space. As was shown in [10] , such AdS 2 -branes are the physical D-branes with the subcritical electric field. We will concentrate on this case in this paper.
It is well-known that the SL(2; R) WZW model possesses the symmetry called "spectral flow" (see e.g. [18] ) 16) which is parametrized by an integer w ("winding number"). In [19] it was claimed that the closed string Hilbert space should be extended by the spectral flow, and the similar claim has been addressed in [13] for the open string Hilbert space. We are now interested in the universal cover of SL(2; R) and in that case the left and right-moving currents have to be transformed by the spectral flow with the equal winding number w [19] . Therefore, not all of the gluing conditions (2.8) are consistent with the spectral flow symmetry. It is straightforward to check that only the next two types of gluing conditions are compatible with the (left-right symmetric) spectral flows: one is given as
for the case when ω is inner automorphism; ω = As mentioned above, (2.17) corresponds to the dS 2 or H 2 -branes which are unphysical and (2.18) corresponds to the physical AdS 2 -branes for arbitrary a ∈ R. We will only consider the cases with a = 0 to avoid unessential complexity from now on.
3 Boundary States in String Theory on AdS 3
In this section we try to construct the consistent boundary states describing the D-branes in AdS 3 space. As we declared in the introduction, our main criterion is the open-closed string duality with the requirement that the spectra in both open and closed string channels should be compatible with the unitarity and normalizability, and moreover the spectral flow symmetry. We shall here only treat the states belonging to the principal discrete series (short string sector 1 ) and leave the case of the principal continuous series in future works.
To fix the specific background let us consider the N = 4 superstring vacua
which is the most familiar example (see, e.g. [3] ), although we shall mainly focus on the bosonic sector. The AdS 3 sector is described by SL(2; R) k+2 super WZW model (k + 2 is the level of bosonic current) and the S 3 sector is described by SU(2) k−2 super WZW model. We here assume k ∈ Z and k > 2.
In the string theory on Lorentzian AdS 3 it is known [19] that the physical Hilbert space should be constructed based on the representation spaces of discrete series with the constraints of no-ghost theorem [1, 20] and normalizability, and also based on the continuous series.
We should suitably incorporate the degrees of freedom of spectral flow for both of these representations, as discussed in [19] .
Open-closed Duality on Lorentzian World-sheet
Before presenting our main analysis we would like to make a few comments about the openclosed duality on the world-sheet with the Lorentzian signature, which we will use in the later discussions.
1 In this paper we use the terminologies "short string" and "long string" according to [19] . Namely, the short string means the excitation corresponding to the discrete series (with arbitrary windings w) and the long string corresponds to the continuous series (with the non-zero windings). We call the sectors with non-zero w as the "winding strings" or "circular strings".
Firstly, in the standard argument on the Euclidean world-sheet, the open-closed duality for the cylinder amplitude is expressed as the following relation 2 ; Because of the simple identities
we obtain
which is the standard statement of open-closed duality.
On the other hand, if working on the Lorentzian world-sheet, one must regard the moduli τ ,τ ≡ − 1 τ as real numbers. In this paper we take the convention
holds as before). Then, (3.1) reduces to the following relation
instead of (3.3). Clearly the same formula holds also for the superstring cases.
Boundary States Based on Discrete Series
Let us work with the (bosonic) SL(2; R) k+2 WZW model. LetD ± l be the representation space of discrete series (+ : lowest weight representation, − : highest weight representation) 3 . We 2 Throughout this paper we denote the moduli for the open string channel by τ , z and those for the closed
We also writeq ≡ e 2πiτ ,ỹ ≡ e 2πiz , and so on.
3 Under our convention the conformal weight of zero-mode states is given by h = − l(l + 2) 4k , and the j 3 0 -spectrum of the zero-mode states is j
representations ("degenerate representations") have the zero-mode spectra:
which are natural analogs of the unitary representations of SU (2). On the other hand, the principal continuous
, and has the zero-mode spectrum:
also express the representation transformed by the spectral flow asD
as in [19] . The spectral flow parameter w ("winding number") was introduced as (2.16) in our convention.
The unitarity and normalizability lead to the constraints −1 < l < k − 1 for the l-quantum number [20, 19, 21] . Since we are here considering the universal cover of AdS 3 space, the continuous value is a priori allowed for l.
The character with respect to the representationD
where q ≡ e 2πiτ , y ≡ e 2πiz .
Let us start with the Ishibashi state |l, ± I based on the representationD n , j ± n are real numbers. Namely, we assume that v 1 |j
is not uniquely defined even under this requirement. However, such ambiguity is clearly harmless for our discussion.) We further denote the signature of norm
Under these preliminaries we can explicitly write down the Ishibashi state which satisfies the gluing condition (2.18)
The gluing condition (2.17) (for the conjugacy classes with no twist) is also easily solved;
However, since the brane configuration described by (2.17) is known to be unphysical [10] , we shall concentrate on the AdS 2 -brane cases (2.18).
As we already pointed out, only the left-right symmetric spectral flow is compatible with the gluing condition (2.18), and we can similarly obtain the Ishibashi states for the flowed representations |l, w,
They are characterized by the following cylinder amplitudes I l, ±, w|q
where
) and χ
Now, we shall take the following boundary states which will be used as the building blocks of our Cardy states: 10) which are also used in [22] and we have I l, w|q
The right hand side of the above identity (3.11) has a well-defined limit underz → 0, such
It may be interesting that the character χ
is formally equal to (the negative sign of) the character of the degenerate representation treated in [12] .
It is worthwhile to notice that the summation of the characters
the quite reminiscent expression of the well-known character formula of SU(2) k−2 , as was pointed out in [18] . In fact 4 ,
The range of summation w ∈ 2Z in χ SL(2) l (τ, z) means that we sum all the windings w since we use the combination (3.10) as the building blocks.
and for SU(2) k−2 , the character is written as
This fact leads to a good modular property of the character χ
is the well-known matrix of the modular transformation for SU(2) k−2 .
Of course, the power series of (3.13) is divergent for the usual range of modulus τ (i.e.
Im τ > 0), since they include the negative level theta functions. Therefore, we must here take the Lorentzian signature on the world-sheet, namely, we must regard τ andτ as independent real numbers as in the calculation of partition function in the appendix of [19] . The extra factor i in the RHS of (3.15) reflects this fact and its existence matches the formula of open-closed duality in the Lorentzian world-sheet (3.4). We might still have a subtlety due to the fact that the power series does not absolutely converge. Such subtlety is likely to be unavoidable, if one intends to take account of the spectral flow, because the flowed representations have no lower and upper bounds of energy in general. Anyway, we shall proceed further assuming the validity of the formula (3.15). Now, we would like to look for the suitable Cardy states based on the Ishibashi states (3.10). We shall start with the ansatz 17) where the index a runs over the set of allowed Cardy states, which should be fixed later. It should be emphasized that the summation over the winding w is needed for good modular property. Because of the unitarity bound for the closed string spectrum, we must take the range of l-integration as −1 < l < k − 1.
We first notice the modular property of the character χ
for an arbitrary L ∈ R. From this relation (3.18) the Cardy condition should be generically expressed as
where ρ 
This and the equation (3.19) mean that we should start with the ansatz with the discrete l instead of (3.17);
Because of the unitarity bound, we must require that the wave function vanishes at the
The modular property (3.18) is now replaced by 22) by making use of the Poisson resummation formula. We can here assume −1 < L < k − 1 without loss of generality. The Cardy condition for the ansatz (3.21) can be written as
Now, we have again two possibilities about the density ρ
ab is a smooth, nonnegative function of L, (2) ρ
If one chooses (1), the Cardy condition (3.23) implies |Ψ * a (l, w)Ψ b (l, w)| ∼ 0, (|w| >> 0). However, this is physically unnatural, since it means that the closed short string with the large winding w cannot interact with the AdS 2 -branes. We shall assume that the spectral flows transitively act on the closed string states appearing in the boundary states. Therefore, we must take the second possibility (2). Since we required that Ψ a (l = −1, w) = Ψ a (l = k − 1, w) = 0 for arbitrary w, L n must be some integer within the unitarity bound.
In this way, the Cardy condition reduces to the simple form; 24) where
. Fortunately this condition is the same as that of SU (2) k−2 and the solution is well-known [16] . Assuming the diagonal modular invariant, the solution is given by 25) where V ∼ δ(0) denotes the infinite volume factor which cancels the trivial divergence lim l→l ′ δ(l − l ′ ) and should be defined with some regularization 5 .
Using the Verlinde formula,
we obtain as in the SU(2) case,
28) 5 One natural way to constrain l and L to be discrete is to start with the single cover of AdS 3 space rather than the universal cover. If we do so, we need not introduce the divergent volume factor 1/ √ V , although we do not take this standpoint here by a physical reason. 
Identification with AdS 2 -branes with Weak Electric Fields
It has been discussed in [10] that the physical D-brane (D-string) in AdS 3 background should be wrapped on the twined conjugacy class, which has the structure of AdS 2 space. Such an AdS 2 -brane can be expressed as the next simple equation with respect to the global coordinates of AdS 3 (t, θ, ρ) (2.3);
where ψ 0 parameterizes the location of the AdS 2 -brane and physically corresponds to the strength of the electric field on that brane. In fact, we can readily find from (3.30) that ρ ≥ ρ min ≡ ψ 0 and thus ψ 0 parametrizes the point nearest to the center of AdS 3 -space, on the AdS 2 -brane "bended" by the electric field.
We now try to identify the Cardy states (3.25) with the AdS 2 -branes. Our arguments are summarized as follows:
1. By construction and evaluation of the cylinder amplitudes (3.28), it is clear that our Cardy states (3.25) can interact only with the short string sectors in both open and closed string channels.
Moreover, the fact that we are now taking the discrete values of l implies that only the string modes propagating within the range ρ < ∼ 1 (in the unit of the AdS 3 scale l AdS ) can interact with the Cardy states (3.25). In fact, the wave function of the string states corresponding to l is known to behave as ∼ e −(l+1)ρ with respect to the "radial coordinate" ρ (l = −1 corresponds to the Breitenlohner-Freedman bound [23] ).
Therefore, since we are now working with l = 0, 1, . . . , k − 2, the corresponding wave functions exponentially damp at the length scale ρ ∼ 1.
2. At least under the large k limit, our cylinder amplitudes must be interpreted as the summation of classical open string solutions. Such classical solutions were discussed in the recent works [11, 13] . Especially, the explicit forms of classical open short string solutions connecting two AdS 2 -branes labeled ψ 1 , ψ 2 are given in [13] (up to the degrees of freedom of SL(2; R) isometry);
with the even winding w ∈ 2Z, and the parameters
For the odd winding w ∈ 2Z + 1, we likewise have 
It is quite natural to interpret the zero-mode parts of this amplitudes as the summation over the classical solutions. In fact, one can easily find that the first term and the second term in (3.34) nicely correspond to the classical solutions (3.31) and (3.33) respectively, since the energy parameter α should be identified with (L+1)/k under the large k limit. (2) case, and has its origin in the existence of the unitarity bound.
We also point out that the Z 2 symmetry
and the cylinder amplitudes (3.28) possess this symmetry as is expected. The existence of quantum truncation is again essential to this fact.
Space-time Chiral Primaries in Open String Spectrum
Now, let us turn our attention to the superstring on the background AdS 3 ×S 3 ×T 4 . Based on our analysis in the previous subsections and incorporating the SU(2) WZW model and free fermions, we can determine the open string spectrum in this superstring theory. We denote the free fermions along the SL(2; R) directions as ψ 3 , ψ ± and those of SU (2) as χ 3 , χ ± .
We focus on the special class of physical states -"space-time (anti) chiral primary states", which are inevitably 1/2 BPS states. For the closed string sector such BPS states (or the corresponding vertex operators) are important in the context of AdS 3 /CF T 2 correspondence and were investigated in [24, 25, 26, 6 ]. We will show that the BPS AdS 2 × S 2 -brane whose SL(2; R) sector is described by our Cardy states (3.25) contains an infinite number of such excitations compatible with the spectral flows.
The Cardy states of the total system should have the structure 
denote again the fusion coefficients of SU (2) 
the primary states (zero-mode states) belonging toL L andD + L respectively. Such physical states are considered in [11] and it has been claimed that they correspond to the fluctuations around the classical solution which make the quadratic variation of DBI action vanish.
We shall now concentrate on the 1/2 BPS states as already advertised, which were studied in [24, 25, 26, 6] as the space-time (anti) chiral primaries in the closed string sector. Among the level one physical states, the chiral primaries are given by imposing the constraints J evaluates the space-time R-charge.
The list of chiral primaries is as follows 6 ;
where |L, L SU (2) (|L, −L SU (2) ) denotes the primary state of highest (lowest) weight in the spin L/2 integrable representation of SU(2) k−2 , and similarly
denotes the primary state of highest (lowest) weight inD
The list of anti-chiral primaries is likewise given by
Next let us consider the sectors with the non-trivial winding number w. Generically, the spectral flows do not always map an on-shell state to another on-shell state, since they do not preserve the BRST charge. Fortunately, we can find that the on-shell (anti) chiral states nicely behave under the spectral flow. To observe this aspect we shall make use of the same idea as in [26] .
Recall the spectral flow (2.16) in the SL(2; R) sector;
(3.39)
We extend the actions of spectral flow operator U w to the other sectors as in [26] ;
(3.42)
We also define 
Now, the important thing is as follows: as discussed in [26] , the spectral flow operators
have the properties;
They imply that the actions of U
w ) close in the space of the on-shell space-time (anti) chiral primary states. We also point out the next identities
Using these identities, the complete set of the on-shell chiral primaries is given by
and for the anti-chiral primaries, we likewise obtain arguments based on the analysis of classical solution are given in [11, 13] .
We would like to point out that the spectrum of closed string channel (Cardy states) also includes an infinite number of such chiral primary states with arbitrary winding numbers, which can be constructed in the similar manner as those of the open string spectrum (3.49), (3.50). The essential point is that the (left-right symmetric) spectral flow preserves the Cardy states of SL(2; R) sector (3.25) (up to the signature)
by our construction. The similar relations hold also for the other sectors (the SU(2) sector and the sectors of free fermions).
Comments on Boundary States Based on Continuous Series
Our above discussions may be incomplete, since the considerations about the long strings are with the boundary states with the summation over windings, we will obtain the open string spectrum with no winding. Therefore, it seems difficult to naively construct the Cardy states so as to be consistent with the spectral flow symmetry in both open and closed string channels in this case. This is one of the main puzzles and we need further detailed investigations about this problem.
To assume the second excitations (2) is also quite natural, since the Cardy states considered here are expected to interact with the strings which can propagate in the region far away from the center, in contrast to those we discussed in the previous subsections. In fact, choosing some hyperbolic functions as the wave functions,
we can obtain the open string spectrum of discrete series as presented in [12] . However, at least under a naive consideration, we would face to the following difficulties, if we start with the same criterion that we took for the previous arguments;
1. It seems difficult to incorporate the non-trivial winding sectors in the open string channel.
2. It seems difficult to make the open string spectrum compatible with the unitarity bound.
From these reasons, it is unclear so far whether we can reproduce the consistent open string spectrum from the boundary states based on the continuous series. It is an important problem which should be resolved in the future studies.
Discussions
In this paper we have studied the AdS 2 -branes in the string theory on The analysis of physical BPS states given in this paper will bring us helpful insights for the studies along such direction.
The second property is originating from the quantum truncation like the fusion rule in the SU(2) WZW model. The existence of such truncation seems to lead us to the "fuzziness" of brane dynamics as in the SU(2) case. One might feel such fuzziness peculiar, since AdS 3 and AdS 2 are non-compact spaces in contrast to SU(2) and S 2 . In fact, the classical analysis given in [13] suggests that we should not have such truncation in the open string spectrum. One possibility to resolve this contradiction may be to claim that our Cardy states (3.25) should define the "fuzzy AdS 2 -branes" which do not have the counterparts in the classical brane geometry. More modestly speaking, (3.25) should correspond to the piece of Cardy state composed of discrete series and we will have to further take account of the piece composed of continuous series suitably in order to get the complete Cardy states describing the "classical" AdS 2 -branes.
As we discussed, the Cardy states (3.25) can interact only with the short strings propagating in the domain bounded by the AdS radius. This fact is supposed to be the origin of fuzziness mentioned above. On the other hand, it is natural to expect that the piece composed of continuous series well describes (1) the open long strings which can reach the asymptotic region (the boundary of AdS 3 ), and (2) the open short strings propagating in "far region from the center". If this is indeed the case, we will be able to obtain the boundary states reproducing the classical geometry of AdS 2 -branes. However, as we mentioned in the last part of section 3, we have several puzzles about the Cardy states based on the continuous series so far, and they have to be clarified in future studies.
Appendix Notations
The theta functions are defined as follows. Set q ≡ e 2πiτ and y ≡ e 2πiz ; θ 1 (τ, z) = i ) .
(A.2)
We also set
and often use the identity
(A.4)
